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A Critique

“The matching literature is driven by the urge to prove theorems
about formal structures rather than any empirical phenomenon.
School choice does not increase welfare in any way."
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California Education Funding Formula
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Transitional Kindergarten 2022-23 add-on rate per student in attendance (ADA): $2,813
Chart: Ed100 Lesson 8.5 « Source: California Department of Education + Get the data « Embed + Created with Datawrapper



Funding

» California: $7.5 billion (10% of LCFF)
» North Carolina: $1.6 billion (7%)
> Texas: $3.4 billion (6%)
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Funding

Expenditures per pupil
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FIG. 3

Per-pupil expenditure by state, 2019.
Source: NCES 2021 digest (https://nces.ed.gov/programs/digest/2021menu_tables.asp), table 236.65.




Funding

Table 1 Distribution of funding source makeup with representative states,
2019 (percent)

Funding source Mean Minimum Maximum
Local 42.26 2.10 (Hawaii) 91.97 (DC)
State 50.07 26.57 (lllinois) 90.29 (Vermont)
Federal 8.63 4.12 (New Jersey) 15.44 (Alaska)

Source: NCES 2021 digest (https://nces.ed.gov/programs/digest/2021menu_tables.asp), table
235.20.



Literature

School Finance
$ vs. Outcomes

Sorting & Peer Effects
Neighbors, Peers vs. Preferences or Outcomes

School Choice
Designing assignment mechanisms
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Contribution

[y

. A resource model of school choice.

N

. Propose enrollment-based funding equilibria.

w

. Applications

3.1 Funding in schools
3.2 Peer effects
3.3 Vouchers

4. New proof techniques

4.1 crowding and funding drive the difficulties
4.2 not Tarski fixed point
4.3 not Decomposition Lemma
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California: general staff hiring, general teacher raises.
North Carolina: general student resources.

Texas: half of the Compensatory Allotment can be used for general
spending.
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A student’s externality has 3 parts:
1. negative crowding effect
2. positive funding

3. negative/positive personal funding



A student’s externality has 3 parts:
1. negative crowding effect
2. positive funding

3. negative/positive personal peer effect



Model

(l7 57 Ch? Q? b7 g? v’ R)

students

schools

consumption space of students
preference relation of student i
initial capital of school s

minimum distribution of school s
total externality of /

voucher of /

preferences of school s over students

school choice with funding problem



Model

Total Funding
Fs(U):Qs+ Z 8i

icols]

An allocation (p, o) is such that for each school s,
1. (Distribution Feasibility)

2. (Minimum Bound)



School Choice Functions

The choice function Chs(A) C A of each school s satisfies:
» Substitutability
BDA = Rey(B) D Rey(A)
» Independence of Rejected Students
A" C Reg(A) = Chs(A\ A') = Chs(A)
» Budget Constraint
be| Cha(A)] < Fo(Che(A))



Axiom

Fairness

No Envy at Interior + No Justified Envy at Boundary



Axiom

Fairness
If student i prefers school s to their match at the current level,
then

1. sis full, and

2. would not replace some assigned student with J.



Axiom

Fairness
If (p,s) Pi (p,o(i)), then
1. ps = bs, and

2. there is no j € o|s] such that
2.1 i € Ch(o[s]U{i}), and
22 j¢ Ch(ols] U {i}).
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Axiom

Fairness contains no efficiency content.
Explore the fair correspondence.

Idea (draw)
1. Start from a fair allocation.
2. Perturb upwards resource usage.

3. Connectedness Property.



Enrollment-Based Funding Equilibrium (EBFE)

An EBFE is an allocation (p, o) such that:
1. (IR 4 Fairness) (p, o) is individually rational and fair.
2. (Exhaustive) For each school s with o[s] # 0,

| o,

Ps

3. (Inferior Empty Schools) For each school s with o[s] = 0,
ps = s, and for each i € N,

(p,o’(i)) Pi (P, 5)'



Exhaustiveness Discrepancy




Exhaustiveness Discrepancy




EBFE Is a Walrasian Concept

An EBFE is an allocation (p, o) such that:
1. (Fairness) Consumer maximization.
2. (Exhaustive) Market clearing with one seat error.

3. (Inferior Empty Schools) Set price of unassigned good to zero.

Price Equilibrium with Rigidities
Dreze [1975], Talman and Yang [2008], Andersson and Svensson
[2014], Herings [2018].



Existence

A preference is linear if (r,s) R; (g, t) implies that there is
valuation function v; : S — Ry, such that

(r,s) Ri (g,t) < rvi(s) > gvi(t).



Main Results: Existence & Structural Properties

Theorem 1 On the NCBI linear domain, EBFE exist.

Proposition 1 On the NCBI linear domain, the set of fair
allocations forms an upper lattice.

Theorem 2 Given a profile from the NCBI linear domain, there is
a student-optimal EBFE.



Main Results: Existence & Structural Properties

Proof Intuition:
» Fair allocations trivially exist.
» Prove upper lattice of fair set, so there is a student-optimal
fair allocation.

» This allocation may fail exhaustiveness, so we must augment
the matching to find an EBFE.



Main Results: Some Things Break

» Set of distributions part of some EBFE do not form a lattice.
» Exists fair that are not EBFE.

» No Rural Hospital / Lone Wolf theorems.

» Manipulability of student-optimal EBFE mechanism.



Fair Lattice

Proposition 1 (Fair Upper Lattice) Consider two fair allocations
(p,o) and (=, T) for a preference profile from the NCBI linear
domain. Let { = p V. There is a matching p such that (¢, i) is
a fair allocation, and moreover, for each i € N,

(¢, (7)) Ri max{(p, o(i)), (v, 7(1))}-



Fair Lattice

Sketch Proof:
1. Pick two fair allocations.
2. Define Transfer graph.
3. Implement weakly welfare-increasing cycles.

4. (Key) Make sure you maintain feasibility.
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Implementation

Algorithm to compute EBFE
1. Descending “auction” to compute distribution.

2. DA for schools at capacity.

Large market analysis:

Theorem 3 The student-optimal EBFE mechanism is
asymptotically strategyproof.



Generic Domain

Theorem 4 On the NCBI and No Overlapping Cycles domain,
there exists a student-optimal EBFE.



Conclusion

Thank you!

School Finance
Sorting & Peer Effects

School Choice



Literature

School Choice
Abdulkadiroglu and Sénmez [2003], Phan et al. [2024].

Matching with Externalities

Sasaki and Toda [1996], Hafalir [2008], Bando [2012], Bando
[2014], Dutta and Massé [1997], Echenique and Yenmez [2007],
Roth [1984], Aldershof and Carducci [1996], Roth and Peranson
[1999], Klaus and Klijn [2005], Kojima et al. [2013], Ashlagi et al.
[2014], Dur and Wiseman [2019], Dur et al. [2022], Pycia [2012],
Rostek and Yoder [2020], Pycia and Yenmez [2023].



Literature

Price Equilibrium with Rigidities
Dreze [1975], Talman and Yang [2008], Andersson and Svensson
[2014], Herings [2018].

Price As Cutoff Vector )
Balinski and Sénmez [1999], Sonmez and Unver [2010], Azevedo
and Leshno [2016], Dur and Morrill [2018].

Crowding
Tierney [2019].



References |

Atila Abdulkadiroglu and Tayfun Sénmez. School choice: A
mechanism design approach. American Economic Review, 93(3):
729-747, 2003.

Atila Abdulkadiroglu, Parag A Pathak, and Alvin E Roth.
Strategy-proofness versus efficiency in matching with
indifferences: Redesigning the nyc high school match. American
Economic Review, 99(5):1954-1978, 2009.

Atila Abdulkadiroglu, Joshua Angrist, and Parag Pathak. The elite
illusion: Achievement effects at boston and new york exam
schools. Econometrica, 82(1):137-196, 2014.

Atila Abdulkadiroglu, Parag A Pathak, Jonathan Schellenberg, and
Christopher R Walters. Do parents value school effectiveness?
American Economic Review, 110(5):1502-1539, 2020.

Brian Aldershof and Olivia M Carducci. Stable matchings with
couples. Discrete Applied Mathematics, 68(1-2):203-207, 1996.



References |l

Tommy Andersson and Lars-Gunnar Svensson. Non-manipulable
house allocation with rent control. Econometrica, 82(2):
507-539, 2014.

Joshua Angrist, Eric Bettinger, Erik Bloom, Elizabeth King, and
Michael Kremer. Vouchers for private schooling in colombia:
Evidence from a randomized natural experiment. American
economic review, 92(5):1535-1558, 2002.

Itai Ashlagi, Mark Braverman, and Avinatan Hassidim. Stability in
large matching markets with complementarities. Operations
Research, 62(4):713-732, 2014.

Christopher Avery and Parag A Pathak. The distributional
consequences of public school choice. American Economic
Review, 111(1):129-152, 2021.

Eduardo M Azevedo and Jacob D Leshno. A supply and demand

framework for two-sided matching markets. Journal of Political
Economy, 124(5):1235-1268, 2016.



References Il|

Michel Balinski and Tayfun Sonmez. A tale of two mechanisms:
student placement. Journal of Economic Theory, 84(1):73-94,
1999.

Keisuke Bando. Many-to-one matching markets with externalities
among firms. Journal of Mathematical Economics, 48(1):14-20,
2012.

Keisuke Bando. A modified deferred acceptance algorithm for
many-to-one matching markets with externalities among firms.
Journal of Mathematical Economics, 52:173-181, 2014.

Matteo Bobba, Tim Ederer, Gianmarco Leon-Ciliotta, Christopher
Neilson, and Marco G Nieddu. Teacher compensation and
structural inequality: Evidence from centralized teacher school
choice in pert. Technical report, National Bureau of Economic
Research, 2021.



References IV

Raj Chetty, John N Friedman, Nathaniel Hilger, Emmanuel Saez,
Diane Whitmore Schanzenbach, and Danny Yagan. How does
your kindergarten classroom affect your earnings? evidence from
project star. The Quarterly Journal of Economics, 126(4):
1593-1660, 2011.

Jacques H Dreze. Existence of an exchange equilibrium under price
rigidities. International Economic Review, 16:301-320, 1975.

Umut Dur and Thayer Morrill. Competitive equilibria in school
assignment. Games and Economic Behavior, 108:269-274, 2018.

Umut Dur and Thomas Wiseman. School choice with neighbors.
Journal of Mathematical Economics, 83:101-109, 2019.

Umut Dur, Thayer Morrill, and William Phan. Family ties: School

assignment with siblings. Theoretical Economics, 17(1):89-120,
2022.



References V

Bhaskar Dutta and Jordi Massé. Stability of matchings when
individuals have preferences over colleagues. Journal of
Economic Theory, 75(2):464-475, 1997.

Federico Echenique and M Bumin Yenmez. A solution to matching
with preferences over colleagues. Games and Economic
Behavior, 59(1):46-71, 2007.

Dennis Epple and Richard E Romano. Competition between
private and public schools, vouchers, and peer-group effects.
American Economic Review, pages 33-62, 1998.

David Gale and Lloyd S Shapley. College admissions and the
stability of marriage. The American Mathematical Monthly, 69
(1):9-15, 1962.

Isa E Hafalir. Stability of marriage with externalities. International
Journal of Game Theory, 37(3):353-369, 2008.

P Jean-Jacques Herings. Equilibrium and matching under price
controls. Journal of Economic Theory, 177:222-244, 2018.



References VI

Caroline M Hoxby. All school finance equalizations are not created
equal. The Quarterly Journal of Economics, 116(4):1189-1231,
2001.

Caroline Minter Hoxby. School choice and school productivity.
could school choice be a tide that lifts all boats? In The
economics of school choice, pages 287-342. University of
Chicago Press, 2003.

C Kirabo Jackson, Rucker C Johnson, and Claudia Persico. The
effects of school spending on educational and economic
outcomes: Evidence from school finance reforms. The Quarterly
Journal of Economics, 131(1):157-218, 2016.

Bettina Klaus and Flip Klijn. Stable matchings and preferences of
couples. Journal of Economic Theory, 121(1):75-106, 2005.

Fuhito Kojima, Parag A Pathak, and Alvin E Roth. Matching with

couples: Stability and incentives in large markets. The Quarterly
Journal of Economics, 128(4):1585-1632, 2013.



References VII

Alan B Krueger. Experimental estimates of education production
functions. The Quarterly Journal of Economics, 114(2):497-532,
1999.

Julien Lafortune, Jesse Rothstein, and Diane Whitmore
Schanzenbach. School finance reform and the distribution of
student achievement. American Economic Journal: Applied
Economics, 10(2):1-26, 2018.

Jacob Leshno. Stable matching with peer-dependent preferences in
large markets: Existence and cutoff characterization. Working
Paper, 2022.

Christopher Neilson. Targeted vouchers, competition among
schools, and the academic achievement of poor students.
Working Paper, 2021.

William Phan, Ryan Tierney, and Yu Zhou. Crowding in school
choice. Forthcoming at American Economic Review, 2024.



References VIII

Marek Pycia. Stability and preference alignment in matching and
coalition formation. Econometrica, 80(1):323-362, 2012.

Marek Pycia and M Bumin Yenmez. Matching with externalities.
The Review of Economic Studies, 90(2):948-974, 2023.

Marzena Rostek and Nathan Yoder. Matching with complementary
contracts. Econometrica, 88(5):1793-1827, 2020.

Alvin E Roth. The evolution of the labor market for medical
interns and residents: a case study in game theory. Journal of
Political Economy, 92(6):991-1016, 1984.

Alvin E Roth and Elliott Peranson. The redesign of the matching
market for american physicians: Some engineering aspects of
economic design. American Economic Review, 89(4):748-780,
1999.



References IX

Jesse M Rothstein. Good principals or good peers? parental
valuation of school characteristics, tiebout equilibrium, and the
incentive effects of competition among jurisdictions. American
Economic Review, 96(4):1333-1350, 2006.

Hiroo Sasaki and Manabu Toda. Two-sided matching problems
with externalities. Journal of Economic Theory, 70(1):93-108,
1996.

Tayfun Sénmez and M Utku Unver. Course bidding at business
schools. International Economic Review, 51(1):99-123, 2010.

Dolf Talman and Zaifu Yang. A dynamic auction for differentiated
items under price rigidities. Economics Letters, 99(2):278-281,
2008.

Ryan Tierney. The problem of multiple commons: A market design
approach. Games and Economic Behavior, 114:1-27, 2019.



	Introduction
	Model
	Model
	Solution Concept
	Appendix
	Literature
	References

